Abstract. Most known examples of isospectral manifolds can be constructed through variations of Sunada's method or Gordon's torus method. In this paper we explore these two techniques in the framework of equivariant isospectrality. We begin by establishing an equivariant version of Sunada's technique and then we observe that many examples arising from the torus method are equivariantly isospectral. Using these observations we notice that many of the known torus method examples give rise to other (locally non-isometric) isospectral manifolds, and we also construct continuous families of isospectral metrics on orbifolds. In particular, for each finite subgroup Γ of the 2-torus there exists a spherical orbifold (resp. orbifold with boundary) O of dimension n ≥ 8 (resp. n ≥ 9) which has points with Γ-isotropy and admits a continuous family of locally non-isometric isospectral metrics (resp. Dirichlet and Neumann isospectral metrics).
Introduction
Given a connected closed Riemannian manifold (M, g) its spectrum, denoted Spec(M, g), is defined to be the sequence of eigenvalues 0 = λ 0 < λ 1 ≤ λ 2 ≤ · · · ր +∞ of its Laplacian ∆ acting on smooth functions. Two Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ) are said to be isospectral if their spectra (counting multiplicites) agree. That is, (M 1 , g 1 ) and (M 2 , g 2 ) are isospectral if there exists a (unitary) isomorphism U : L 2 (M 1 ) → L 2 (M 2 ) which intertwines the Laplacians (i.e., U ∆ 1 U * = ∆ 2 ). Inverse spectral geometry is the study of the extent to which geometric properties of a Riemannian manifold (M, g) are determined by its spectrum.
Over the last few decades we have seen some progress in establishing spectral rigidity results. For instance, beyond the well-known facts that dimension and total scalar curvature are spectrally determined properties of a manifold, Tanno has shown that the round sphere is uniquely determined by its spectrum in dimensions less than or equal to six [Ta1] . Tanno has also shown that the standard metric on a sphere is spectrally rigid [Ta2] ; that is, there are no non-trivial isospectral deformations of the standard metric on S n . Similarly, it is known that a metric of strictly negative curvature on a closed manifold M is spectrally rigid [GK, CS] . In contrast to these and other positive inverse spectral results the literature contains many examples of non-isometric isospectral manifolds (see [G2] for a survey). Thus, we cannot hope to completely recover the geometry of a manifold from its spectrum.
Most examples of isospectral manifolds can be accounted for by Sunada's method [Sun] and its generalizations (e.g., [DG] , [Pes] and [Sut] ) or the so-called torus method (see [G1] and [Sch2] ). In its classical formulation Sunada's method makes use of covering spaces to construct isospectral manifolds. In fact, the first examples of non-isometric isospectral manifolds were 16-dimensional flat tori constructed by Milnor [Mi] through a technique which can be seen to be a generalization of Sunada's method. The one common feature of all examples arising through the classical Sunada technique is that they have common Riemannian coverings. Thus, Sunada isospectral examples raise the question of whether the local geometry is determined by the spectrum. In 1993 Gordon introduced a prototype of the torus method in order to show that in general this is not the case [G1] .
1 This paper considers the techniques of Gordon and
Sunada within the framework of equivariant isospectrality. Two Riemannian G-manifolds M 1 and M 2 are said to be equivariantly isospectral if there exists an isomorphism U : L 2 (M 1 ) → L 2 (M 2 ) intertwining the Laplacians which is also an equivalence of the natural G-representations (cf. Section 3.1). Our main objective is to recast Sunada's method in the equivariant setting and then use it in conjunction with the torus method to construct continuous families of locally non-isometric isospectral metrics on manifolds (Corollary 3.19) and orbifolds (Proposition 4.5). In particular, given any finite subgroup Γ ≤ T 2 of the 2-torus we may find a spherical orbifold (resp. orbifold with boundary) O of dimension n ≥ 8 (resp. n ≥ 9) which has points with Γ-isotropy and admits a continuous family of locally non-isometric isospectral metrics (resp. Dirichlet and Neumann isospectral metrics). We also find continuous families of isospectral metrics on orbifolds arising as quotients of S 7 and B 8 , and pairs of isospectral metrics on orbifold quotients of S 5 and B 6 .
The outline of this paper is as follows. In Section 2 we use an observation of Bérard-Bergery and Bourguignon [BB] concerning Riemannian submersions and the Laplacian to provide a framework in which to understand the techniques of Gordon and Sunada. This is not intended to be an accurate portrayal of the genesis of these methods, but rather we hope to make their discovery seem more organic. In Section 3 we introduce the notion of equivariant isospectrality and show that many examples arising through the torus technique have this property. We also observe that there is an equivariant version of Sunada's method, which we then apply to obtain examples of locally non-isometric isospectral manifolds. In Section 4 we conclude the main body of the paper by combining the equivariant Sunada technique and the torus method to construct isospectral deformations on orbifolds. For the reader's convenience we discuss the basics of orbifolds and their spectral geometry in Appendix A.
Riemannian submersions and the inverse spectral problem
Let π : (M, g) → (B, h) be a Riemannian submersion of a compact manifold and let H denote the mean curvature vector field along the fibers of π. Assume further that H is π-related to a vector field H on B-in this case we refer to H as the projected mean curvature vector field of π. We now recall that the Laplacian ∆ M can be decomposed into a vertical and horizontal part ∆ M = ∆ v + ∆ h with respect to any Riemannian submersion [BB] . If f is a function on M which is constant along the fibers of π (i.e., f = π * f for some f on N ), then ∆ v (f ) = 0 and we have
Therefore, letting L 2 (M ) π denote that space of L 2 -functions which are constant along the fibers of π we have the following.
Lemma 2.1 leads one to suspect that Riemannian submersions might be useful in constructing examples of isospectral manifolds. In fact, after some thought two strategies emerge. First, consider a pair of Riemannian submersions π 1 : M → N 1 and π 2 : M → N 2 with minimal fibers, then by Lemma 2.1 we see that Spec(∆ N 1 ), Spec(∆ N 2 ) ⊂ Spec(∆ M ). Therefore, to produce isospectral manifolds one needs to find conditions on such submersions which conspire to guarantee the equality Spec(∆ N 1 ) = Spec(∆ N 1 ). As an example of this approach we recall Sunada's method.
2.2. Theorem (Sunada's Method [Sun] ). Let (M, g) be a Riemannian manifold and let G be a finite group of isometries. If Γ 1 , Γ 2 ≤ G act freely on M and are such that each conjugacy class of G meets Γ 1 and Γ 2 in the same number of elements, then the quotient manifolds M/Γ 1 and M/Γ 2 are isospectral.
Here the fibers are discrete so they are minimal and the algebraic condition on the isometry groups is present to ensure that the spectra of the resulting quotients coincide. Most of the early examples of isospectral manifolds can be understood through this technique or its generalizations. In particular, the first examples of non-isometric isospectral manifolds were constructed by Milnor [Mi] through a method which was later seen to be a generalization of Sunada's technique.
For the second strategy we suppose π α : M → B α , α ∈ J, is a family of Riemannian submersions such that
where L 2 (M ) const is the space of constant functions and (
is the orthogonal compliment of the constant functions in L 2 (M ) πα . By Lemma 2.1 we know Spec(∆ M ) = ∪ α Spec(∆ Bα + H α ); that is, we are able to piece together the spectrum of the Laplacian on the total space M by looking at the spectrum of operators on various base spaces. Consequently, we can establish that two Riemannian manifolds (M 1 , g 1 ) and (M 2 , g 2 ) are isospectral if we can find families of Riemannian submersions π i,α :
Given the complicated nature of this strategy it may seem that there is no hope of finding an application. However, Gordon noticed that principal torus bundles are an appropriate setting in which to employ this viewpoint.
2.3. Theorem (Torus Method, [G1, Sch2] 
To date this method has been responsible for settling the following major questions in spectral geometry.
(1) Can you hear the local geometry of a manifold? The early examples of isospectral manifolds all had a common Riemannian covering (e.g., [Mi] and [Sun] ), which provided evidence in support of the viewpoint/hope that the spectrum detemines the local geometry of a Riemannian manifold. However, in [G1] , Gordon introduced the torus method and produced the first examples of locally non-isometric isospectral spaces. It is still unknown whether two n-dimensional manifolds which are strongly isospectral can be locally non-isometric.
2
(2) Can simply-connected manifolds admit isospectral metrics? Schueth used a specialization of the torus method (see Theorem 3.7) to construct the first examples of isospectral simply-connetced Riemannian manifolds [Sch1] . In fact, Schueth's construction yields a continuous family of isospectral metrics on a fixed simply-connected space.
2.4. Remark. In [Sut] we generalized Sunada's technique to construct examples of simplyconnected, locally non-isometric isospectral manifolds, thus providing an alternate solution to these problems.
2 Two Riemannian n-manifolds M1 and M2 are said to be strongly isospectral if Spec(∆ 2.5. Remark. It is also worth noting that Gordon's torus method is responsible for most known examples of isospectral deformations on manifolds and, as has been noted by Schueth [Sch2, p. 48] , any continuous family of isospectral metrics on a principal torus bundle with totally geodesic fibers necessarily arises in this fashion.
One of the aims of this paper is to use the torus method along with an equivariant version of Sunada's method (Theorem 3.15) to construct multiparameter families of isospectral metrics on spherical orbifolds with singularities.
3. Equivariant isospectrality and Sunada's method 3.1. Equivariant isospectrality. Let G be a compact Lie group which acts via isometries on a Riemannian manifold (M, g), then G has a natural representation on L 2 (M ) given by
which we denote by τ G . Since G acts via isometries on (M, g) the representation τ G commutes with the Laplacian ∆. Hence, the decomposition of
is the closed linear span of all irreducible subspaces of L 2 (M ) on which τ G is equivalent to ρ. Using the invariance of the ∆-eigenspaces under τ G we see that ∆ preserves this decomposition and we let Spec(
We may then define the G-equivariant spectrum of a Riemannian G-manifold (M, g) as follows.
3.1. Definition. The G-equivariant spectrum of (M, g) is the collection of ordered pairs
where the multiplicity of (λ, [ρ] ) is defined by
3.2. Remark. The idea of filtering the spectrum of a differential operator with respect to a group of symmetries has also been considered by Guillemin and Uribe [GU] .
3.3. Definition. Two Riemannian G-manifolds (M 1 , g 1 ) and (M 2 , g 2 ) are said to be equivariantly isospectral (with respect to
Equivalently, we have the following. 3.4. Definition. Two Riemannian G-manifolds (M 1 , g 1 ) and (M 2 , g 2 ) are said to be equivariantly isospectral (with respect to G) if there exists an isomorphism U :
To illustrate the concept of equivariant isospectrality we recall the following specialization of the torus method (Theorem 2.3) due to Schueth.
3.5. Definition. Given a principal G-bundle π : M → (B, g B ) with connection form α and an invariant metric g on G, there exists a unique G-invariant metric g α on M such that:
(1) the horizontal distribution is equal to ker(α),
is a Riemannian submersion, and (3) g α restricted to each fiber is isometric to (G, g).
This metric is known as the Kaluza-Klein metric.
3.6. Remark. It can be seen that the fibers of the Riemannian submersion π : (M, g α ) → (B, g B ) have totally geodesic fibers.
3.7. Theorem (The Connection Technique, [Sch2, Sch3] ). Let T be a torus with Lie algebra t, and let α 1 and α 2 be principal connections for the principal T -bundle M → (B, g B ). Suppose that for each µ ∈ t * there is a bundle automorphism F µ : M → M such that:
. Now let g T be an invariant metric on T and g α 1 and g α 2 the associated Kaluza-Klein metrics on M , then (M, g α 1 ) and (M, g α 2 ) are isospectral.
We then have the following.
Proof. Our goal is to find an isomorphism U :
which intertwines the Laplacians and the natural T -actions.
Let T denote the collection of characters of T ; that is, T is the collection of all homomorphisms ρ : T → S 1 ⊂ C of the torus into the unit complex numbers. As in [G3] we let
, and since T acts via isometries on M i we see that ∆ i : H ρ i → H ρ i is an isomorphism. Next we define an equivalence relation on T by setting ρ ≡ τ if and only if ker(ρ) 0 = ker(τ ) 0 . We let [ρ] denote the equivalence class of ρ ∈ T and let [ T ] denote the set of equivalence classes. Then
and we obtain
Our strategy will be to find for each
which intertwines the Laplcians. It will then follow that
is an appropriate intertwining operator. Now let [ρ] ∈ [ T ] and let K = ker(ρ) 0 be the connected component of the identity of the kernel of ρ : T → S 1 , so K is a subtorus of codimension at most one. Then by Theorem 3.7 there exists a bundle automorphism
where µ = dρ e ∈ t * . Furthermore, one can check-see the proof of Theorem 1.6 in [Sch2] -that F µ induces an isometryf
). Now, since by hypothesis the orbits of the T -action on M i are totally geodesic we see that the K-orbits are minimal and hence by Lemma 2.1
to a map between the spaces of K-invariant functions we then obtain the following commutative diagram.
Using the fact thatf µ is an isometry, we see thatf * µ intertwines the Laplacians, which implies that
We also notice that in the case where K is a codimension one subtorus we have
i , where [1] denotes the trivial representation, and in the case where K = T we see that
In either case, since F * µ is T -equivariant we may set
2 → H 3.9. Remark. A similar argument shows that the continuous isospectral families and pairs arising from Theorem 1.4 of [Sch4] are also equivariantly isospectral with respect to some torus action. We also note that the examples constructed in [Sut] are equivariantly isospectral.
In the case of a manifold (M, g) with boundary we may consider the isospectral problem with Dirichlet or Neumann boundary conditions. The Dirichlet spectrum of (M, g) is the spectrum of the Laplacian acting on C ∞ D (M ) the set of smooth functions which vanish on the boundary of M . The Neumann spectrum of (M, g) is given by the spectrum of the Laplacian acting on the set of smooth functions with vanishing normal derivative along ∂M , which we denote by C ∞ N (M ). We then have the following definition. 3.10. Definition. Let G be a compact Lie group. Two Riemannian G-manifolds (M 1 , g 1 ) and (M 2 , g 2 ) (with boundary) are said to be equivariantly Dirichlet (resp. equivariantly Neumann) isospectral with respect to G if there exists an isomorphism U :
Remark. In the case where ∂M 1 = ∂M 2 = ∅ we obtain equivariant isospectrality.
3.2. K-equivalence and the equivariant Sunada method. Given two preresentations τ 1 : G → Aut(V 1 ) and τ 2 : G → Aut(V 2 ) the multiplicity of τ 1 in τ 2 , denoted [τ 2 : τ 1 ], is defined to be dim(Hom G (V 1 , V 2 ) ), where Hom G (V 1 , V 2 ) is the set of bounded linear maps T : V 1 → V 2 such that T • π 1 (g) = π 2 (g) • T for any g ∈ G. Now, let G be a compact Lie group and let G denote the set of (equivalence classes of) irreducible representations of G. For any K ≤ G closed we define
, where Res G K (ρ) denotes the restriction of ρ to K and 1 K denotes the trivial representation of K. Therefore, G K is the set of irreducible representations of G which have non-trivial K-fixed vectors.
3.12. Definition. Let (τ 1 , V 1 ) and (τ 2 , V 2 ) be two representations of G such that [τ i : ρ] < ∞ for any ρ ∈ G (i = 1, 2) and let K ≤ G be a closed subgroup. We will say that τ 1 and τ 2 are K-equivalent representations, denoted τ 1 ∼ K τ 2 , if [τ 1 : ρ] = [τ 2 : ρ] for each ρ ∈ G K ; that is, the restrictions of τ 1 and τ 2 to the smallest G-invariant subspaces of V 1 and V 2 (respectively) which contain all of the K-fixed vectors are equivalent.
3.13. Definition. Let G be a compact Lie group.
(1) Given a closed subgroup H ≤ G we define the quasi-regular representation of G on
for any g ∈ G and f ∈ L 2 (G/H). That is, π G H = Ind Proof. For ease of exposition we will only discuss the case where M 1 and M 2 are closed isospectral manifolds and H 1 , H 2 ≤ G are closed K-equivalent subgroups which act freely. Hence, we are concerned with the Laplacians ∆ i :
The proof is exactly the same in the case of manifolds with boundary where C ∞ (M i ) is replaced by the subspace corresponding to the appropriate boundary conditions. And when dealing with orbifolds one just needs to keep in mind how the spectrum of a good orbifold is defined (see Appendix A).
For each i = 1, 2 and λ ∈ Spec(M i ) we let τ G i,λ and τ 
where Res
G H (ρ) denotes the restriction of the representation ρ of G to the closed subgroup H ≤ G, we obtain using Frobenius' reciprocity theorem:
[τ
We now recall the following theorem of Donnelly. 
Theorem ([D], Thm. 2.3). Let G be a compact Lie group and X a compact, smooth G-space with principal orbit type G/K; that is, K is the generic stabilizer of the G-action on X. Then the decomposition of L 2 (X) into G-irreducibles contains precisely those finite dimensional representations appearing in the decomposition of π
. Since (M 1 , g 1 ) and (M 2 , g 2 ) are equivariantly isospectral and Ind G H 1 (1) and Ind G H 2 (1) are K-equivalent representations, it follows that [τ
3.17. Remark. In the case where (M 1 , g 1 ) = (M 2 , g 2 ) and G is a finite group which acts freely we obtain Sunada's method (Theorem 2.2).
3.18. Remark. For n sufficiently large we showed in [Sut] that there exist connected representation equivalent subgroups H 1 , H 2 ≤ SU(n), such that the normal homogeneous spaces SU(n)/H 1 and SU(n)/H 2 are simply-connected, locally non-isometric and equivariantly isospectral. Hence, for any Γ 1 , Γ 2 ≤ SU(n) finite representation equivalent subgroups the resulting orbifolds Γ 1 \ SU(n)/H 1 and Γ 2 \ SU(n)/H 2 are isospectral yet locally non-isometric.
3.19. Corollary. Let M 1 and M 2 be two isospectral principal T -bundles arising through Theorem 3.7, then for any H ≤ T M 1 /H and M 2 /H are isospectral.
3.20. Remark. If (M, g t ) is a continuous family of (locally) non-isometric isospectral Riemannian manifolds arising through Schueth's connection technique (e.g., [Sch1] , [Sch2] , [Sch3] and [Pr] ), then for any Γ ≤ T finite we see that (M/Γ, g Γ t ) is also a continuous family of (locally) non-isometric isospectral Riemannian manifolds.
Continuous families of isospectral metrics on orbifolds
In this section we use our generalization of Sunada's method to construct isospectral deformations on spherical orbifolds with singular points (see Definition A.3). In particular, we obtain continuous families of isospectral metrics on good orbifolds arising as quotients of spheres of dimension 7 and higher. We also obtain pairs of isospectral metrics on good orbifolds arising as quotients of the five-sphere, and continuous families of Dirichlet and Neumann isospectral metrics on orbifolds with boundary. We begin by recalling the following method due to Gordon. , 2) , the manifolds are also Neumann isospectral.
K ensures that the isometryτ K : K\M 1 → K\M 2 intertwines the operators ∆ K\M 1 +H 1 and ∆ K\M 2 +H 2 . Hence, we can see this as an instance of the philosophy outlined in section 2.
Using Theorem 4.1 Gordon constructed the first isospectral deformations of metrics on spheres.
Theorem ([G3]).
(1) In every dimension n ≥ 8, there exist continuous multiparameter families of locally non-isometric isospectral metrics on the sphere S n . The metrics can be chosen to be positively curved and can be taken to agree with the standard metric outside an arbitrarily small neighborhood.
(2) In every dimension n ≥ 9, there exist continuous multiparameter families of isospectral metrics on the ball B n ⊂ R n , where we use either Dirichlet or Nuemann boundary conditions. The metrics can be chosen arbitrarily close to the flat metric.
4.4. Remark. We note that Tanno has shown that the standard metric on a sphere is spectrally isolated in the space of all metrics on S n [Ta2] . That is, there is a neighborhood U of g std in the space of all metrics on S n such that if g ∈ U is isospectral to g std , then (S n , g) and (S n , g std ) are isometric.
In the proof of Theorem 4.1, Gordon constructs an explicit unitary intertwining operator G2, p. 321] , which happens to be T -equivariant. Hence, we see that the isospectral metrics on S n (resp., B n ) in Theorem 4.3 are equivariantly isospectral with respect to the restriction of the natural action of T 2 = SO(2) ⊕ SO(2) ⊕ I m on R 4 × R m to S n (resp. B n ). This is a non-free action as it is trivial on 0 × R m and we have S 1 -isotropy on R 2 × {(0, 0)} × R m and {(0, 0)} × R 2 × R m . However, the action is free on the rest of the space. Using Theorem 3.15 we then obtain the following. Irrespective of our choice of Γ ≤ T 2 we note that the Γ-action will fix an S n−4 and so we can obtain isotropy groups of any order. In the case where Γ = Γ 1 × Γ 2 ≤ T 2 is a product we see that the non-trivial isotropy subgroups are: Γ, Γ 1 , and Γ 2 , and it is clear that {p ∈ S n : Γ p ≃ Γ} ≃ S n−4 and {p ∈ S n : Γ p ≃ Γ 1 } ≃ {p ∈ S n : Γ p ≃ Γ 2 } ≃ S n−2 . 4.6. Remark. As we have used the methods of Sunada and Gordon in complimentary ways we note that Ballmann [B] has recently formulated a method for constructing isospectral manifolds which encompasses Sunada's method (Theorem 2.2) and Schueth's variant of Gordon's torus method (Theorem 3.7).
We conclude by noting that in [Sch4] a variant of Theorem 4.1 is used to construct continuous families of isospectral metrics on S 7 and B 8 , and pairs of isospectral metrics on S 5 and B 6 . If we view S 7 and B 8 as subsets of C 3 ⊕ C and S 5 and B 6 as subsets of C 2 ⊕ C these metrics are seen to be equivariantly isospectral with respect to the non-free action of T 2 on C n ⊕ C given by e aV 1 +bV 2 · (z 1 , z 2 ) = (e ia z 1 , e ib z 2 ), where V 1 , V 2 ∈ t forms the standard basis for the Lie algebra of T 2 (see Remark 3.9 and [Sch4, p. 96] ). Hence, for any finite subgroup Γ ≤ T 2 the corresponding quotients also admit continuous or discrete families of locally non-isometric isospectral metrics. In some cases these quotients are orbifolds with singularities.
Appendix A. Orbifolds & isospectrality
Orbifolds were introduced in [Sa, Th] as a natural generalization of the concept of a manifold. Instead of requiring the space to be locally modeled on open subsets U ⊂ R n , the spaces are modeled on Γ\ U where Γ is some finite group of diffeomorphisms acting on U ⊂ R n . Specifically we have the following definition.
A.1. Definition ( [MP] ). Let X be a topological space.
(1) An n-dimensional orbifold chart on X is a triple ( U , Γ, π), where U ⊆ R n is an open set, Γ is a finite group of diffeomorphisms of U and π : U → U ⊂ X is a continuous mapping onto an open subset in X such that π • γ = π for each γ ∈ Γ and the induced map Γ\ U → U is a homeomorphism. We will always assume that Γ acts effectively on
between orbifold charts is a smooth embedding λ : U α → U β such that the following diagram commutes.
(4) An n-dimensional orbifold atlas A on X is a compatible family of n-dimensional orbifold charts whose images form a covering of X. A refinement A ′ of an orbifold atlas A is an orbifold atlas each of whose charts embeds into a chart of A. Two orbifold atlases are said to be equivalent if they have a common refinement. Every orbifold atlas is equivalent to a unique maximal one. An orbifold O is a second countable, Hausdorff topological space X O known as the underlying space equipped with a maximal orbifold atlas A.
(5) Let (M, U) and (N, V) be smooth orbifolds with atlases U and V respectively. A map f : M → N is said to be smooth if for any point x ∈ M there exist orbifold charts ( U , Γ, π) and (Ṽ , Σ, ψ) containing x ∈ M and f (x) ∈ N respectively such that: (a) f maps U = π( U ) into V = ψ(Ṽ ), and (b) f can be lifted to a smooth mapf :
The orbifolds M and N will be said to be diffeomorphic (or equivalent) if there are smooth maps f : M → N and g : N → M such that f • g and g • f are the respective identity maps. (6) Let O be an orbifold. A point x ∈ O is said to be singular if for some (hence every) orbifold chart ( U , Γ, π) about x, the points in the inverse image of x in U have nontrivial isotropy in Γ. The isomorphism class of the isotropy group of these points will be called the abstract isotropy type of x. We let Σ(O) denote the set of singular points in O.
Points that are not singular are called regular. An orbifold without singular points is a smooth manifold. (7) A Riemannian structure on an orbifold O is an assignment to each orbifold chart ( U , Γ, π) of a Γ-invariant Riemannian metric g U on U such that any embedding λ :
(Using a partition of unity argument one can show that any orbifold admits a Riemannian structure.) (8) Two Riemannian orbifolds (M, U) and (N, V) are said to be isometric if there exists a diffeomorphism f : M → N such that the local lifts are isometries. We will say that (M, U) is locally isometric to (N, V) in the case that for each p ∈ M there is a neighborhood U and a local isometry f :
A.2. Remark.
(1) A manifold is a special case of an orbifold where the orbifold charts are of the form ( U , 1, π). (2) One obtains the notion of an orbifold with boundary by taking orbifold charts ( U , Γ, π) where U ⊆ R n + = {(x 1 , . . . , x n ) ∈ R n : x 1 ≥ 0} and γ∂ U ⊆ ∂ U for each γ ∈ Γ.
A.3. Definition. An n-dimensional orbifold O is spherical if it arises as the quotient of S n by a finite group Γ (cf. Proposition A.4).
To illustrate the concept of an orbifold we consider Z n acting on S 2 ⊂ R 3 via rotations about the z-axis. Although the underlying space of the resulting orbifold is always a sphere we see that the behavior near singular points is different. Indeed, the orbifolds S 2 and Z n \S 2 are not isomorphic as the former has no singularities and the latter has singularities at the north and south poles where the local orbit structure is modeled on the cone Z n \R 2 . In general if l = k then the orbifolds Z l \S 2 and Z k \S 2 are non-equivalent.
The following proposition demonstrates that there are many non-trivial examples of orbifolds.
A.4. Proposition ( [Th] ). Suppose a group Γ acts properly discontinuously (cf. [KN, p. 43] ) on a manifold M , then the quotient space M/Γ is an orbifold.
A.5. Definition. An orbifold O which arises as a global quotient M/Γ of a smooth manifold via a properly discontinuous group action is called a good or global orbifold; otherwise, we say O is a bad orbifold.
Given a Riemannian orbifold O with Riemannian metric g we may also define its Laplacian. Indeed, let f : O → R be a smooth function, then given an orbifold chart ( U , Γ, π) we may define ∆f on U by ∆f = ∆f
where (g ij ) denotes the local lift of the Riemannian metric to U , (g ij ) is its inverse and ∆ is the Laplacian on U . A non-zero function f : O → R such that ∆f = λf for some λ ∈ R is said to be an eigenfunction of the Laplacian and λ an eigenvalue. As in the case of the Laplacian on a manifold we have the following result.
A.6. Proposition ( [C] ). Let (O, g) be a Riemannian orbifold with associated Laplace-Beltrami operator ∆.
(1) The eigenvalues of ∆ form an infinite sequence 0 = λ 0 ≤ λ 1 ≤ · · · ր +∞ each occuring with finite multiplicity. (2) There exists an othonormal basis {φ i } of L 2 (O) consisting of smooth eigenfunctions.
The sequence of eignevalues 0 = λ 0 ≤ λ 1 ≤ · · · ր +∞ is known as the spectrum of the Riemannian orbifold and is denoted by Spec(O, g).
In the case of a closed Riemannian manifold (M, g) on which Γ acts properly discontinuously one can see that the spectrum of the resulting good orbifold O = M/Γ is given by the spectrum of the Laplacian ∆ M restricted to the space of smooth Γ-invariant functions on M . If M is a manifold with boundary then we consider the isospectral problem under Dirichlet or Neumann boundary conditions. The Dirichlet spectrum of (M, g) is the spectrum of the Laplace operator acting on smooth functions which vanish on the boundary of M , and the Neumann spectrum of (M, g) is given by the spectrum of the Laplacian acting on smooth functions with vanishing normal derivative along ∂M . If Γ acts properly discontinuously on M via isometries the Dirichlet spectrum of the good orbifold O = M/Γ is given by the spectrum of the Laplacian acting on the smooth Γ-invariant functions on M which also vanish on ∂M ; the Neumann spectrum of M/Γ is defined in an analogous fashion.
